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Abstract
Non-minimal interactions are proven to be generated at the one-loop
level in simple scalar-tensor gravity models. The John interaction from
the Fab Four class is generated. The interaction affects the speed of
gravitational waves in the contemporary Universe. Its role in low-energy
phenomenology is discussed. Brans-Dicke-like interaction is generated in
a non-minimal model. An opportunity to generate a dynamic low-energy
Newton constant is addressed.
1 Introduction
Effective field theory framework provides a tool to study quantum effects in
gravity models [1, 2, 3, 4, 5]. Within the effective theory generated by general
relativity some verifiable predictions were obtained. For instance, corrections
for the Newton potential were studied [6, 2, 7] together with PPN parameters
[8, 9]. Various implementations of effective theory for gravity models is widely
covered in literature [10, 11, 12, 13, 14, 15, 16, 17, 18].
The effective theory for general relativity is constructed as follows [1, 2, 3,
4, 5]. First of all, the theory is confined to an energy region below the Planck
scale, as it marks the limit of applicability of general relativity. Secondly, a nor-
malization scale µ is chosen below the Planck mass. At this scale a microscopic
action A is defined. Finally, the theory is extended below the normalization
scale via loop corrections and its description is given by an effective action Γ.
An effective theory constructed by this algorithm cannot be considered fun-
damental. The theory is confined to an energy region below the normalization
scale µ which, in turn, is smaller then the Planck scale. There are no reasons to
expect that the theory will be applicable outside this domain. A similar logic
holds for the microscopic action A. It can only be viewed as an approximation
of the fundamental theory at µ. The fundamental theory itself lies beyond the
scope of the effective field theory framework. In such a way the framework
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allows one to study quantum effects without a detailed knowledge about the
fundamental theory.
The microscopic action A defined at the normalization scale can be non-
renormalizable within the standard quantum field theory. Firstly, as the the-
ory is not fundamental there are no reasons to impose the renormalizability
condition. Secondly, loop corrections can generate operators missing from the
microscopic action A. The corresponding infinite contributions can be safely
normalized at the scale µ [2, 19]. The fundamental theory, no matter if it
will be renormalizable in the standard sense or not, should contain a suitable
regularization mechanism. Therefore all divergences appearing in the effective
theory will be regularized. The finite contributions generated by loop correc-
tions can be recovered from empirical data. Finally, coefficients of non-analytic
terms generated at the loop level can be evaluated within the effective theory
itself [13].
In the context of effective theory general relativity serves as a natural and
the simplest gravity model to be defined at the normalization scale. However, it
is not the only theory that can be used. Modified gravity models [20, 21, 22, 23]
can generate effective models as well. Therefore, it is reasonable to expect that
modifications of general relativity will modify the effective theory as well.
We address effective theories generated by simple scalar-tensor models which
provide, perhaps, the simplest extension of general relativity. It may appear that
a single additional scalar degree of freedom cannot influence an effective theory
in a meaningful way, but this is not so. This claim is supported by previous
studies [24, 25] where it was shown that some non-minimal scalar-tensor models
generate non-trivial modifications of the effective theory. Namely, at the one-
loop level a new set of higher derivative operators is generated together with
new interactions.
We show that the simplest scalar-tensor gravity generates a non-minimal
scalar coupling to gravity at the one-loop level. The new interaction belongs to
Horndeski gravity [26, 27, 28], so the corresponding effective model may describe
a significantly different low-energy phenomenology. We argue that it can be put
to empirical verification via the latest data on gravitational wave speed [29, 30].
We also address a non-minimal scalar-tensor gravity with a simple scalar field
self-interaction. In full agreement with the previous results [24] we show that in
such a model a Brans-Dicke-like interaction is generated at the one-loop level.
Consequently, the model develops an effective Newton constant with a scalar
field dependence.
This paper is organized as follows. In Section 2 we study the simplest effec-
tive scalar-tensor gravity. The model generated by general relativity with one
additional massless scalar field with no self-interaction and with the minimal
coupling to gravity. We show that at the one-loop level a non-minimal interac-
tion with gravity is generated. In Section 3 we address a scalar-tensor model
with cubic and quartic self-interactions. We show that this model generates
a Brans-Dicke-like interaction. We discuss possible implementations of these
results in Section 4. We bring our conclusions in Section 5.
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2 The simplest model
The simplest scalar-tensor gravity is given by the following action:
A =
∫
d4x
√−g
[
− 2
κ2
R+
1
2
gµν∂µφ∂νφ
]
. (1)
Here R is the scalar curvature, φ is the new scalar field, and κ is related with
the Newton constant κ2 = 32piG. The action describes the simplest model as it
has no scalar self-interaction and admits the minimal interaction with gravity.
Such a setup allows one to obtain universal predictions. If a certain operator
is generated by (1), then it will be generated in the most part of scalar-tensor
models. Perhaps, the only exception for this observation can be given by models
with non-dynamical scalar fields, but they present an exceptional case that lies
beyond the scope of this discussion.
Following the standard effective field theory framework we define the micro-
scopic action (1) at some normalization scale µ below the Planck mass. At the
normalization scale the model generates the following tree-level rules:
=
i
k2
, µν αβ =
i
2
Cµναβ
k2
, (2)
µν
p
q
= i
κ
2
Cµναβpαqβ , (3)
µν
αβ
p
q
= −i 2 κ2 Cρσµναβ(2) pρqσ, (4)
µν
αβ
ρσ
p
q
= −i 3! κ3 Cλτµναβρσ(3) pλqτ , (5)
µν,p
αβ,q ρσ,l
= iκ
(
Tµναβρσλτ qλlτ
+ Tαβµνρσλτ pλlτ + T
ρσµναβλτpλqτ
)
. (6)
The graviton propagator is given in the harmonic gauge ∂µh
µν − 1/2 ∂νh = 0.
From here on all momenta in all three-point diagrams are directed inwards.
Definitions of tensors and a comment on a derivation of the rules are discussed
in Appendix A.
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It is useful to address loop corrections to two point functions. One-loop
corrections for the graviton propagator were studied in detail in [31]. They
generate higher derivative operators R2 and R2µν . One-loop corrections to the
scalar propagator, on the contrary, vanishes in d = 4:
=− i κ
2p4
32
(d− 2)(d− 4) (2piµ)4−d
∫
ddk
(2pi)d
1
k2(k − p)2 , (7)
=
κ2
8
(3d− 2)(d− 4) p2 (2piµ)4−d
∫
ddk
(2pi)d
1
k2
. (8)
Therefore no higher derivative operators are generated in the scalar sector of the
effective theory and it is free from the corresponding Ostrogradsky instability
[32, 33].
There are five one-loop amplitudes describing corrections to the scalar-
graviton interaction:
M(1)µν = µν M(2)µν = µν
M(3)µν = µν M(4)µν = µν (9)
M(5)µν = µν
These amplitudes were discussed before in the context of potential interactions
between gravity and matter [2, 7]. Namely, it was shown that only M(2) and
M(3) generate power law corrections to the effective Newton potential [34].
We will show that amplitudes (9) generate quasi-potential interactions (which
depend on particles momenta) which are relevant for the low-energy phenomenol-
ogy. Namely, they generate interaction Gµν ∂µφ ∂νφ that belong to the Fab Four
class of Horndeski gravity [35]. The interaction is relevant, as it affects the speed
of gravitational waves in the contemporary Universe which is constrained via
GW170817 data [29, 30]. We discuss this feature in more details in Section 4.
Let up proceed with the proof of existence of the new interaction. First
of all, one should only study amplitudes (9) with external scalars being fixed
on-shell. As we are interested in the low-energy phenomenology, it is reasonable
to discuss only real (on-shell) states of the scalar field. Graviton states, on the
contrary, should not be fixed on-shell. This is due to the fact that the scalar field
can interact with a regular matter via exchange of virtual gravitons. Because
of this the corresponding amplitudes will contain traces of the new interaction
with off-shell gravitons.
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Secondly, not all divergent contributions are relevant within the proposed
setup. Some amplitudes, for instance M(5), contain quadratic divergences∫
d4k
(2pi)4
1
k2
. (10)
The issue of quadratic divergences itself poses a fundamental problem related
with the naturalness of a theory [36]. In the context of gravity the corresponding
corrections can also be related with the value of the cosmological constant (i.e.
with a non-vanishing vacuum expectation value of the gravitational field) [37,
38, 39]. A more detailed discussion of these issues lies far beyond the scope of
the paper.
Corrections associated with quadratic divergences can hardly be relevant
within effective theory. The corresponding divergent contributions should be
normalized at µ together with any other divergent contributions. The quadratic
divergence does not depend on any momenta, so it provides a universal contri-
bution at all energy scales. To put it otherwise, it can only provide a finite shift
to certain couplings. The values of all coupling, in turn, are normalized via
empirical data at µ. Therefore such finite shifts will be completely adsorbed by
data defining the theory at the normalization scale. In such a way, despite the
fact that quadratic divergences do present in the theory, within the proposed
setup they are completely fixed by the normalization scale data.
Thirdly, as the external scalars are fixed on-shell, some contributions of (9)
vanish. This feature can be easily illustrated withM(4). If momenta of the ex-
ternal scalars p and q are not fixed on-shell, then the amplitude reads (evaluated
with FeynCalc 9.3.0 [40], given up to terms with quadratic divergences):
M(4)µν =
κ3
6
p · q
[
pµpν −
1
4
p2ηµν
]∫
d4k
(2pi)4
1
k2(k − p)2 . (11)
When the momentum p of an external scalar is fixed on-shell p2 = 0, the corre-
sponding integral vanishes, so does the amplitude.
Such a setup allows one to study amplitudesM(1),M(2), andM(3), as only
they contain contributions relevant for the problem. The overall three-particle
amplitude reads:
Mµν =M(1)µν +M(2)µν +M(3)µν
=− κ
3
2
l4 Cµναβp
αqβ
∫
d4k
(2pi)4
1
k2(k + p)2(k − q)2
+
κ3
12
l2
[
19 Cµναβp
αqβ + 3 ηµν p · q
+ 9 l2
(
ηµν −
lµlν
l2
)] ∫
d4k
(2pi)4
1
k2(k − l)2 . (12)
Here p and q are momenta of the external on-shell scalars, l = −p − q is an
off-shell momentum of the graviton.
The first term in (12) is free from ultraviolet divergences. It only contains
infrared divergences which can be regularized via soft graviton radiation, in full
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analogy with the standard quantum electrodynamics (which was noted back
in [2]). Consequently, the first term in (12) generates a finite contribution
proportional to the following operator:
κ2 l2 Cµναβp
αqβ ↔ κ3 hµν Cµναβ∂αφ ∂βφ↔ κ2 Gµν ∂µφ ∂νφ . (13)
This operator should be included in the one-loop effective action which reads:
Γ =
∫
d4x
√−g
[
− 2
κ2
R+
1
2
gµν∂µφ∂νφ+ κ
2 β Gµν ∂µφ∂νφ
]
(14)
with β being a dimensionless constant. Here for the sake of simplicity we omit-
ted new terms apeparing in the gravity sector of the effective theory, as it is
extensively discussed in other papers [2, 3, 5, 13].
Finally, the second term in (12) has a divergent part which should be nor-
malized at µ. The corresponding non-analytic part is proportional to the log-
function ln
(−l2/µ2) and it is singular in the infrared region. There are a few
reasons to believe that the model is safe in the infrared region. Even simple
massless models experience certain problems in the infrared sector [41]. It is
safe to assume that the infrared behavior of the model will be dynamically reg-
ularized in a way similar to [41]. The size of the Universe can be used as the
simplest regularization scale. The energy scale associated with the cosmological
constant can also be used as a regularization parameter. Moreover, the value
of the cosmological constant is related with loop corrections [37, 38, 39], so it
may very well serve as a suitable dynamical regularization mechanism. This
reasoning provides grounds to believe that the model is safe in the infrared re-
gion. Therefore, in full analogy with the standard electrodynamics and previous
papers on effective gravity [2, 6, 14], corresponding corrections can be accounted
via an introduction of new form-factors to the corresponding expression for the
scalar-graviton vertex.
3 Non-minimal model
The simplest way to extend model (1) is to introduce cubic and quartic scalar
field self-interactions. Study of the corresponding effective theory is completely
similar to the previous case. Firstly, one defines the following microscopic action
at the normalization scale µ below the Planck mass:
A =
∫
d4x
√−g
[
− 2
κ2
R+
1
2
gµν ∂µφ ∂νφ+
λ
3!
φ3 +
g
4!
φ4
]
. (15)
Here λ is the cubic scalar coupling with a dimension of mass, g is the dimen-
sionless quartic scalar coupling. Secondly, one extends the model down to the
low-energy regime. Thirdly, one evaluates one-loop amplitudes describing inter-
action of a graviton with two scalars.
Because model (15) extends (1) all results obtained in the previous section
can be applied to the non-minimal model. Consequently, only two new diagrams
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should be studied:
M(6)µν = µν , M(7)µν = µν . (16)
In full analogy with the previous case, amplitude M(7) is irrelevant due to
the quadratic divergence. AmplitudeM(6) is given by the following expression:
M(6)µν =−
κλ2
2
Cµναβ p
αqβ
∫
d4k
(2pi)4
1
k2(k − q)2(k + p)2 (17)
− κλ
2
2
1
l2
[
−3 Cµναβpαqβ − l2
(
ηµν −
lµlν
l2
)]∫
d4k
(2pi)4
1
k2(k + l)2
.
Here p and q are momenta of on-shell scalars, l = −p−q is an off-shell momentum
of the graviton. The structure of the amplitude is analogous to the previous
case. The first term in (17) is free from ultraviolet divergences. Its infrared
divergences can be regularized via soft scalar radiation. Therefore the term
generates a finite contribution proportional to the following operator
λ2 ηµν ↔ κλ2 h φ2 ↔ λ2 R φ2. (18)
This interaction also belongs to Horndeski gravity and was found before [24].
We also would like to highlight that this non-minimal interaction is generated
by the interaction odd in scalar field which were found to be important for
renormalizability of certain models [42, 43]. Finally, the second term in (17) can
be treated in full analogy with the previous case. It should be normalized at the
normalization scale and its influence should be accounted via an introduction of
form factors. Its non-analytic part appears to be singular in the infrared region,
but it is safe to assume that it can be protected from the singularity in full
analogy with the previous case.
Therefore the effective action for the non-minimal model reads:
Γ =
∫
d4x
√−g
[
−
(
2
κ2
+ αφ2
)
R+ κβ Gµν∂µφ∂νφ (19)
+
1
2
gµν∂µφ ∂νφ+
1
3!
λ φ3 +
1
4!
g φ4
]
.
We discuss implications of these results in the next section.
4 Implications for realistic scenarios
There are two main results presented in previous sections. Firstly, in the mini-
mal model a non-minimal interaction Gµν ∂µφ∂νφ is generated. This interaction
is known as the John interaction [35]. Secondly, in the non-minimal model a
cubic scalar self-interaction generates a new Brans-Dicke-like interaction. These
results have a series of corollaries that may be crucial for the low-energy phe-
nomenology.
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First of all, the John interaction is highlighted by its ability to screen an arbi-
trary cosmological constant on a cosmological background [35]. The interaction
was studied in the classical regime and it was proven that a simple model admit-
ing this interaction can consistently describe the late-time universe expansion
[44]. Moreover the action studied in [44] matches with the effective action (14).
The model is not free from disadvantages, as its perturbations become unsta-
ble in a proximity of the cosmological singularity. This disadvantage is relived
within effective theory, as the theory itself cannot be applied in a proximity of
the singularity.
The John interaction is generated in the minimal scalar-tensor model, so it
is safe to assume that it will be generated universally. In particular, if the Higgs
scalar is a true fundamental particle, then the John interaction should enter an
effective theory based on the Standard Model. Because of this it is safe to use
the effective model (14) as the simplest effective model suitable for a description
of the contemporary gravitational phenomenology.
At the same time, there is an indication of a possible inconsistency. Due
to non-linear nature of the John interaction it changes the speed of tensor per-
turbations propagating about a cosmological background. These perturbations
should be associated with gravitational waves propagating in the contemporary
Universe and their speed is constrained by recent data [45, 29, 30]. In paper
[29] it is argued that the mere influence of the John interaction on the gravi-
tational wave speed is enough to exclude it from any realistic model. On the
other hand, in paper [45] it is argued that there is a loophole that may allow to
make several scalar-tensor models consistent with the empirical data. We aware
of no numerical constraints on the value of the John coupling obtained directly
from the gravitational wave speed data.
Therefore it is crucial to understand if the John interaction suppressed by
the Planck mass squared is consistent with the known constraints on the grav-
itational wave speed. Although this case seems unlikely, it may take place due
to the high derivative nature of the interaction. Therefore, if a suppressed but
non-vanishing John interaction is inconsistent with the observed gravitational
wave speed, then certain conclusions about the structure of a microscopic action
A can be drawn. It is reasonable to expect that a poor choice of the microscopic
action can lead to an effective model irrelevant for practical applications. There-
fore, it would be require to find a way to construct the microscopic action A in
a way consistent with the empirical data.
Secondly, the existence of a Brans-Dicke-like interaction should be addressed.
We would like to note that the new non-minimal interaction (19) is typical for
models with conformal symmetry [46, 47]. Nonetheless we will refer to it as to
Brans-Dicke-like interaction for the sake of simplicity.
The effective action (19) is generated by a model with a non-vanishing scalar
field potential, although only the cubic interaction generates a new gravitational
coupling. At the same time, the scalar field develops an effective potential in
full analogy with [41]. A more detailed discussion of the effective potential lies
beyond the scope of this paper, as it presents a separate independent problem,
and as it appears at the next order in κ (at the order of κ4). Nonetheless, It is
safe to assume that the scalar field develops a non-vanishing vacuum expecta-
tion value 〈φ〉. This value contributes to the observed value of the low-energy
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effective Newton constant:
− 2
κ2
R→
(
− 2
κ2
+ α φ2
)
R = − 1
16piGeff(φ, 〈φ〉) R . (20)
A similar mechanism is well-known in gravity models [48, 49, 50, 51, 52, 53, 54,
55, 56, 57]. In such a way the effective Newton constant develops a dynamic
dependence of the scalar field in an analogy with the Brans-Dicke theory.
A more detailed investigation of this phenomenon should be preformed, as
the effective scalar field potential together with the scalar field vacuum expec-
tation value are effected by loop corrections. Results of the investigation will be
presented elsewhere, as it constitutes an independent problem. It is reasonable
to anticipate the presence of a mechanism dynamically generating a new mass
scale, in full analogy with [41]. Therefore it is also required to understand its
role within effective scalar-tensor gravity.
This section should be concluded as follows. Firstly, it should be understood
if the John interaction generated at the one-loop level can be consistent with
the empirical gravitational waves data. If a presence of a strongly suppressed
but non-vanishing John interaction cannot be brought to an agreement with the
empirical data, then certain conclusions about the structure of a microscopic
action should be drawn. Secondly, the scalar sector of an effective theory should
be investigated. The new Brans-Dicke-like interaction can lead to a generation
of a dynamical Newton constant. The constant part of the generated constant
will be defined by the effective scalar field potential induced by gravitational
loop corrections. Investigation of these issues allows one to better understand
the effective field theory implementation for scalar-tensor gravity.
5 Conclusions
In this paper we addressed one-loop effective theory for scalar-tensor gravity. We
study two simple models. First one is the simplest model (1) describing general
relativity with one massless scalar field without self-interaction and with the
minimal coupling to gravity. Second model (15) describes general relativity
with a massless scalar field that admits cubic and quartic self-interaction but
that is coupled to gravity in the minimal way.
At the one-loop level the minimal model generates the John interaction from
Horndeski gravity
κ2 Gµν ∂µφ ∂νφ . (21)
The interaction is suppressed by the Planck mass squared, but it may influ-
ence the low-energy phenomenology. Small tensor perturbations of the metric
propagating over a cosmological background should be associated with gravi-
tational waves in an expanding universe. As it is discussed in Section 4, these
perturbations are coupled to the scalar field via the John interaction. Because
of this their speed can deviate from the speed of light [45, 29, 30]. Due to the
non-linear nature of the interaction it may have a non-negligible influence on
the gravitational wave speed despite being suppressed. Consequently, a further
investigation is required to establish if a suppressed but non-vanishing John in-
teraction is consistent with the known gravitational wave phenomenology. This
investigation posses a separate problem that will be addressed elsewhere.
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The non-minimal model generates a Brans-Dicke-like interaction at the one-
loop level. The model admits a non-vanishing scalar field potential, so it is safe
to assume that the scalar field develops a non-vanishing vacuum expectation
value. As it is discussed in Section 4, the scalar field effective potential is also
modified by loop corrections in full analogy with [41]. This reasoning shows that
the non-minimal model generates an effective low-energy Newton constant with
a dynamical dependence on the scalar field. Therefore the value of the Newton
constant observed in the low-energy regime can develop a finite shift defined by
the non-vanishing vacuum expectation value of the scalar field. The one-loop
effective scalar field potential generated in scalar-tensor gravity and its influence
on the low-energy Newton constant will be studied in details elsewhere.
This brings us to the following conclusions. Scalar-tensor gravity provides,
perhaps, the simplest alternative for general relativity. The low-energy phe-
nomenology described by effective models powered by scalar-tensor gravity ap-
pears to be a more sophisticated subject. The John interaction generated at the
one-loop level in the simplest model affects the speed of gravitational waves in
an expanding Universe. The Brans-Dicke-like interaction affects the low-energy
Newton constant and turns it into a dynamic quantity. These phenomena have
no counterparts in the effective general relativity and they should be investi-
gated further.
The role of the John interaction may provide an insight about the structure
of a microscopic action generating the effective theory. If a strongly suppressed
but non-vanishing John interaction is inconsistent with the known data on gravi-
tational wave speed, then simple actions (1) and (15) cannot be used in realistic
cases. Despite the fact that this case seems to be unlikely [45], a numerical
constraint on the John coupling should be obtained. The new Brans-Dicke-like
interaction can change the role of the low-energy Newton constant. It can re-
ceive a finite shift due to a non-vanishing scalar field vacuum expectation value
and to obtain a dynamical dependence from the scalar field. The value of the
non-vanishing expectation value, in turn, will be affected by the one-loop ef-
fective scalar field potential in full analogy with [41]. Therefore the role of the
scalar sector of an effective model should be clarified.
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A Derivation of Feynman rules
For the sake of completeness we give a few comments about a derivation of
Feynman rules used in the paper and present the set of tensors used in the
paper.
First of all, the following standard tensors are used:
Iµναβ =
1
2
(ηµαηνβ + ηµβηνα) , (22)
Cµναβ =ηµαηνβ + ηµβηνα − ηµνηαβ . (23)
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Tensor Iµναβ serves as a unit tensor for symmetric rank-2 tensors. For an
arbitrary symmetric tensor Tµν the following holds:
Tµν = IµναβT
αβ . (24)
We use the following generalizations the unit tensor:
TµσT νσ =I
µνα1β1α2β2Tα1β1Tα2β2 , (25)
TµσTσρT
ρν =Iµνα1β1α2β2α3β3Tα1β1Tα2β2Tα3β3 . (26)
Here Tµν is an arbitrary symmetric tensor and I-tensors are given by the fol-
lowing formulae:
Iµνα1β1α2β2 =
1
8
(ηµα1ηνα2ηβ1β2 + · · · ) , (27)
Iµνα1β1α2β2α3β3 =
1
48
(ηµα1ηνα2ηβ1α3ηβ2β3 + · · · ) . (28)
Secondly, if the spacetime metric gµν describes small perturbations hµν over
a flat background ηµν :
gµν = ηµν + κhµν , (29)
then the following expansions hold:
√−g =1 + κ
2
ηµνhµν −
κ2
8
hµνhαβCµναβ (30)
+
κ3
48
hµνhαβhρσCµναβρσ +O(κ
4),
√−ggµν =ηµν − κ
2
Cµναβhαβ + κ
2Cµνα1β1α2β2(2) hα1β1hα2β2 (31)
+ κ3Cµνα1β1α2β2α3β3(3) hα1β1hα2β2hα3β3 +O(κ
4).
Here the following tensors were used:
Cµναβρσ =
8
3
[
IµνατI
λτ
αβρσ + IαβλτI
λτ
µνρσ + IρσλτI
λτ
µναβ
]
(32)
− 2 [ηµνIαβρσ + ηαβIµνρσ + ηρσIµναβ ] + ηµνηαβηρσ,
Cµνα1β1α2β2(2) =I
µνα1β1α2β2 (33)
+
1
4
[
Iµνα1β1ηα2β2 + Iµνα2β2ηα1β1
]− 1
8
ηµνCα1β1α2β2 ,
Cµνα1β1α2β2α3β3(3) =− Iµνα1β1α2β2α3β3 (34)
+
1
6
[
Iµνα1β1α2β2ηα3β3 + Iµνα2β2α3β3ηα1β1 + Iµνα3β3α1β1ηα2β2
]
+
1
24
[
Iµνα1β1Iα2β2α3β3 + Iµνα2β2Iα3β3α1β1 + Iµνα3β3Iα1β1α2β2
]
+
1
48
ηµνCα1β1α2β2α3β3 .
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These formulae are used to derive the tree-level rules describing scalar-
graviton interaction:∫
d4x
√−g gµν 1
2
∂µφ ∂νφ (35)
=
∫
d4x
[
− 1
2
φφ− κ
4
hµνC
µναβ ∂αφ ∂βφ+
κ2
2
hµνhαβ C
µναβρσ
(2) ∂ρφ ∂σφ
+
κ3
2
hµνhαβhρσ C
µναβρσλτ
(3) ∂λφ∂τφ+O(κ
4)
]
.
The structure of a cubic graviton interaction is recovered as follows. One
should separate the complete derivative term in the general relativity action
[58]:
√−gR = √−ggµν [ΓσµρΓρνσ − ΓσµνΓρσρ]+ full derivative. (36)
The cubic graviton interaction is given by terms cubic in perturbations:
− 2
κ2
√−gR→− κ
2
[
hµν ∂µhρσ ∂νh
ρσ − 2hµν ∂ρhµσ ∂σhνρ + 2hµν ∂ρhµσ ∂ρhνσ
− 4hµν ∂σhρµ ∂νhρσ + 2hµν ∂µhνσ ∂σh− hµν ∂µh ∂νh
+ 2hµν ∂µh ∂
σhνσ + 2h
µν ∂σhµν ∂ρh
ρσ − 2hµν ∂σhµν ∂σh
− 1
2
h ∂σhµν ∂
σhµν + h ∂µhνσ ∂
νhµσ − h ∂ρhρσ ∂σh
+
1
2
h ∂σh ∂
σh
]
(37)
=
κ
4
hρ1σ1∂αhρ2σ2∂βhρ3σ3 T
ρ1σ1ρ2σ2ρ3σ3αβ . (38)
The tensor T defining the structure of the interaction is obtained from the
following tensor
ηµληντIαβρσ − 2 ηµαηνρηλσητβ + 2 ηµαηνρηβσηλτ − 4 ηµβηντηαρηλσ
+ 2ηµληναηβτηρσ − ηµληντηαβηρσ + 2 ηµληνρηαβητσ + 2 Iµναβηλσητρ
− 2 Iµναβηλτηρσ − 1
2
ηµνηλτIαβρσ + ηµνηβσηλρητα − ηµνηλαηβτηρσ
+
1
2
ηµνηαβηρσηλτ (39)
via symmetrization with respect to ρ1 ↔ σ1, ρ2 ↔ σ2, ρ3 ↔ σ3, and (α, ρ2, σ2)↔
(β, ρ3, σ3). In other words, T respects the following relations:
T ρ1σ1ρ2σ2ρ3σ3αβ = Tσ1ρ1ρ2σ2ρ3σ3αβ = T ρ1σ1σ2ρ2ρ3σ3αβ = T ρ1σ1ρ2σ2σ3ρ3αβ (40)
= T ρ1σ1ρ3σ3ρ2σ2βα.
A brief comment on the necessity to rederive the structure of the three-
graviton vertex is due. For the best of our knowledge the corresponding Feyn-
man rule was first explicitly presented in [2], eqn (53). However, the expres-
sion contains an obvious misprint. In the 6th line of (53) [2] it is written
12
q2(IσµαβIγδ
ν
σ + Iαβ
ν
σI
σµ
αδ), while it should read q
2(IσµαβIγδ
ν
σ + Iαβ
ν
σI
σµ
γδ).
The same misprint is repeated in a later paper [19]. For the best of our knowl-
edge the misprint is corrected [7].
An independent derivation of the three-graviton interaction serves two pur-
poses. First one is to present a more simple way to obtain such an expression, as
aforementioned papers dismiss a detailed discussion of the calculations. Second
one is to cast the expression in a more compact form (39) which is more suitable
for a treatment with computer algebra packages such as FeynCalc [40].
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